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Abstract

A robust four-layer model is presented to describe the LDL transport in the arterial wall coupled with the transport in the lumen. The
endothelium, intima, internal elastic lamina (IEL) and media are all treated as macroscopically homogeneous porous media and the vol-
ume-averaged porous media equations are employed to model various layers, with Staverman filtration and osmotic reflection coeffi-
cients introduced to account for selective permeability of each porous layer to certain solutes. The physiological parameters within
the various layers are obtained from literature. The set of governing equations for fluid flow and mass transport is descretized using
a finite element scheme based on the Galerkin method of weighted residuals. Filtration velocity and LDL concentration profiles are
developed at different locations for various clinical conditions. The results are consistent with previous numerical and experimental stud-
ies. Effects of hypertension and boundary conditions are discussed based upon the present model. Furthermore, the effects of pulsatile
flows on LDL transport in the arterial wall are studied in some detail. Compared to previous transport models, the newly developed
model is found to be a more robust tool for investigation of LDL accumulation within different arterial wall layers for various clinical
conditions. This will be helpful in understanding the role of transmural transport processes in the initiation and development of
atherosclerosis.
� 2005 Elsevier Ltd. All rights reserved.
1. Introduction

Atherosclerosis is a disease usually located within large
arteries. It is well accepted that the early atherogenesis
tends to be hallmarked by an abnormally high accumula-
tion of macromolecules, i.e. LDL, within the arterial wall.
This fact suggests that the macromolecular transport in the
arterial wall must have some impact on the initiation and
development of atherosclerosis. However, it is still
unknown whether atherogenesis is initiated by this abnor-
mally high accumulation in the intima, or whether this
abnormality is only a secondary effect due to atherogenesis
[1]. As a result, mathematical modeling of the macromolec-
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ular transport, for example, LDL, in the arterial wall has
received considerable attention in recent years. Prosi
et al. [2] have classified these models in three major catego-
ries. The simplest models used so far are wall-free models,
in which the arterial wall is substituted by a simplified
boundary condition. Rappitsch and Pertold [3] and Wada
and Karino [4] applied these models for the analysis of
the macromolecular transport in the arterial wall. A more
realistic approach is named lumen-wall models, which cou-
ple the transport within the lumen and the wall. In these
models, the arterial wall is simplified as a homogeneous
monolayer. Such models, originally proposed by Moore
and Ethier [5], have been used to study the mass transport
of LDL within the arterial wall by Stangeby and Ethier
[6,7]. The most realistic models are multilayer models,
which break the arterial wall down into several layers
and model the transport within the wall, either at the
microscopic [8–11] or macroscopic [2,12–14] levels.
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Nomenclature

C dimensionless LDL concentration, c/C0

C0 reference inflow LDL concentration [nmol/
mm3]

c dimensional LDL concentration [nmol/mm3]
�c average LDL concentration
D diffusivity [mm2/s]
D 0 diffusivity per unit length [mm/s]
K permeability [mm2]
K 0 permeability per unit length [mm]
k effective volumetric first-order reaction rate

coefficient [1/s]
L longitudinal length of the artery [mm]
Lp hydraulic conductivity [mm]
l fiber length per unit volume [mm/mm3]
N 00

s absolute molar flux of solutes [nmol/(mm2 s)]
n normal direction
Pd diffusive permeability [mm/s]
p hydraulic pressure
R radius of the arterial lumen [mm]
Ru universal gas constant
r dimensional radial coordinates [mm]
rf radius of a fiber [nm]
rsol radius of a solute [nm]
T absolute temperature [K]
Tcl period [s]
t dimensional time [s]
U0 reference bulk inflow velocity [mm/s]

Ucl centerline velocity at the lumen inlet [mm/s]
u dimensional axial velocity [mm/s]
V velocity vector [mm/s]
v dimensional radial velocity [mm/s]
x dimensional axial coordinates [mm]

Greek symbols

d parameter used to account for the fluctuation of
pulsatile flows

e porosity
l dynamic viscosity [g/(mm s)]
l 0 effective dynamic viscosity of a medium [g/

(mm s)]
p osmotic pressure
q density [g/mm3]
rd Staverman osmotic reflection coefficient
rf Staverman filtration reflection coefficient
/f partition coefficient

Superscript

f fluid

Subscript

e effective property

Other symbol
h i ‘‘local volume average’’ of a quantity
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To the best of our knowledge, the Staverman–Kedem–
Katchalsky membrane equations [15] are usually used to
model the transport processes in the endothelium and
internal elastic lamina (IEL) in the previous multilayer
models. However, the traditional Staverman–Kedem–Kat-
chalsky equations have at least couple of substantial disad-
vantages: it is derived based on the existence of steady state
condition, which is in conflict with the real physiological
conditions existing within both endothelium and IEL; it
ignores the boundary effects on the flow across the mem-
brane, which is not valid when the boundaries of the por-
ous membrane have to be accounted for.

The main focus of the present study is to develop a new
fundamental four-layer model for the description of the
mass transport in the arterial wall coupled with the mass
transport in the arterial lumen. The endothelium, intima,
IEL and media layers are all treated as macroscopically
homogeneous porous media and mathematically modeled
using proper types of the volume averaged porous media
equations, with the Staverman filtration and osmotic reflec-
tion coefficients employed to account for selective perme-
ability of each porous layer to certain solutes. In
particular, the effects of hypertension on the LDL trans-
port within the arterial wall are studied based on our new
mathematical model, to identify possible factors that might
be responsible for enhanced arterial wall uptake of LDL
under hypertensive conditions. Moreover, five different cat-
egories of boundary conditions, partially taken from the
aforementioned models, are presented to examine the dif-
ferences in fluid flow and mass transport characteristics
in the arterial wall due to different types of boundary con-
ditions. Finally, the effects of pulsation on the LDL trans-
port within the arterial wall are discussed in some detail.

2. Analysis

2.1. Anatomy

The typical anatomical structure of an arterial wall is
shown schematically in Fig. 1. Going from the lumen to
the most external layer, a large artery is comprised of the
following five layers: glycocalyx, endothelium, intima,
media, and adventitia. The luminal glycocalyx is a thin
layer of macromolecules which is believed to cover the
plasma membrane of a single layer of endothelial cells,
and the entrance of the intercellular junctions. The thick-
ness of the glycocalyx is usually less than 100 nm (average
thickness 60 nm) [16,17]. Immediately in contact with the
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Fig. 1. Transverse section of a large artery.
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glycocalyx is endothelium, a single layer of endothelial
cells, which are elongated in the direction of blood flow.
Endothelial cells are interconnected through intercellular
junctions. Internal elastic lamina (IEL), an impermeable
elastic tissue with fenestral pores, is lying between intima
and media. In contrast to the media, which contains alter-
nating layers of smooth muscle cells and elastic connective
tissue, the intima is mainly comprised of proteoglycan and
collagen fibers. The media layer is surrounded by loose
connective tissue, the adventitia, in which there are some
capillaries (lymphatic and vasa vasorum). Except via trans-
port from luminal blood supplies, proteins can be trans-
ported from the adventitia to the media through the vasa
vasorum.

2.2. Mathematical formulation

A new four-layer mathematical model is developed for
the description of LDL transport in the arterial wall,
coupled with the mass transport in the arterial lumen.
The effects of the luminal glycocalyx are neglected in the
present study due to its negligible effect. Fig. 2 shows the
schematic diagram of the idealized artery geometry under
consideration.

2.2.1. Lumen

The blood is considered to be an incompressible Newto-
nian fluid. The blood flow in the arterial lumen is described
by the Navier–Stokes and continuity equations
q
oV
ot

þ qV � rV ¼ �rp þ lr2V ð1Þ

r � V ¼ 0 ð2Þ

where V is the velocity vector, p is the pressure, and q and l
are the density and dynamic viscosity of blood.

The concentration field in the arterial lumen is com-
puted via the mass transport equation

oc
ot

þ V .rc ¼ Dr2c ð3Þ

where c is the LDL concentration and D is the LDL diffu-
sivity within the blood.

2.2.2. Endothelium and internal elastic lamina

The endothelium and internal elastic lamina (IEL) are
treated as biological porous membranes. The Staverman
filtration and osmotic reflection coefficients are employed
to account for selective rejection of species by the mem-
branes and for the effects of osmotic pressure. The volume
averaged governing equations are [18–21]

r � hV i ¼ 0 ð4Þ
q
e
ohV i
ot

þ l
K
hV i ¼ �rhpif þ RuTrdrhci þ l0r2hV i ð5Þ

ohci
ot

þ ð1� rfÞhV i.rhci ¼ Der2hci ð6Þ

where e is the porosity, K the permeability, l 0 the effective
dynamic viscosity of the medium, which will be taken as l

e
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Fig. 2. Schematic illustration of the geometric artery.

Table 1
Thickness of each wall layer of the artery [2,14,23]

Wall layer Thickness (lm)

Endothelium 2.0
Intima 10.0
IEL 2.0
Media 200.0
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[18,20] and De is the effective LDL diffusivity in the med-
ium. The parameters rf and rd are the Staverman filtration
and osmotic reflection coefficients (to account for selective
permeability of biological membranes to certain solutes),
respectively, for LDL, T is the absolute temperature of
the medium, and Ru is the universal gas constant. The sym-
bol ‘‘h i’’ denotes the local volume average of a quantity
[18]. The superscript �f� refers to the local volume average
inside the fluid [18,22].

2.2.3. Intima and media

The intima and media are modeled as macroscopically
homogeneous porous media. Since the porous media are
selectively permeable to certain species such as LDL, the
Staverman filtration reflection coefficient has to be intro-
duced to account for this effect. The osmotic effect in the
transport modeling is not included in this part since the
maximum osmotic pressure gradient in the medial layer is
far below the hydraulic pressure gradient [10]. Therefore,
the volume averaged governing equations of the intima
and media layers are [18–21]

r � hV i ¼ 0 ð7Þ
q
e
ohV i
ot

þ l
K
hV i ¼ �rhpif þ l0r2hV i ð8Þ

ohci
ot

þ ð1� rfÞhV i.rhci ¼ Der2hci þ khci ð9Þ

where k is the effective volumetric first-order reaction rate
coefficient. Fry [12] and Huang and Tarbell [10] have cited
that the uptake of solutes by the smooth muscle cells in
the media can be approximated as an irreversible first-
order reaction. The symbol ‘‘h i’’ indicating averaged values
will be dropped from the V, p, and c from here on for
brevity.
2.3. Computational geometry and boundary conditions

The artery is idealized as a straight axi-symmetric geom-
etry with a luminal radius of R = 3.1 mm and a longitudi-
nal length of L = 124 mm [7,14]. The thickness of each wall
layer is shown in Table 1. Eqs. (1)–(9) can be solved if suit-
able boundary conditions are provided.

2.3.1. Steady flows

The boundary conditions for the steady flow are shown
in Fig. 2: a fully developed (parabolic) velocity profile
(u = U0(1 � (r/R)2)) at the inlet of the arterial lumen is
taken and it is assumed that u = 0, both at the inlet and
outlet sections of the arterial wall. In addition we employ
the zero cross flow condition which exists on the axis of
symmetry (v = 0), and constant pressure at the outlet of
the arterial lumen and the media adventitia interface.
Effects of other fundamental types of boundary conditions
are explored later in this study. At the interfaces between
the lumen, endothelium, intima, IEL and media continuity
of velocity and shear stress is applied.

The concentration boundary conditions are: c/C0 = 1 at
the lumen inlet, zero normal diffusive mass flux at the axis
of symmetry, at the lumen outlet, and the inlet and outlet
of the arterial wall. Three types of boundary conditions
are emplored at the media adventitia interface: c/C0 = 0,
c/C0 = 0.01, and oc

on ¼ 0 [2]. Note that C0 is the reference
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concentration at the lumen inlet for LDL. These boundary
conditions are reflective of the physiological conditions
that exist within an artery [6,7,14].

The concentration boundary conditions at the interface
between the lumen, endothelium, intima, IEL, and media
are

ð1� rfÞvc� De

oc
on

� �����
þ
¼ ð1� rfÞvc� De

oc
on

� �����
�

ð10Þ

where v is the velocity in radial direction. Note that in the
arterial lumen the reflection coefficient rf is zero and
the effective diffusivity De is the LDL diffusivity within
the blood flow.

2.3.2. Pulsatile flows

The major difference between the boundary conditions
for steady flows and pulsatile flows mainly lies in the veloc-
ity profile applied at the lumen inlet. In the present study,
the inlet velocity profile is assumed to be axi-symmetric,
which is specified as [24]

uðtÞ ¼ U clðtÞ 1� ðr=RÞ2
� �

ð11Þ

where Ucl is the centerline velocity at the lumen inlet de-
fined by a simple time-dependent sinusoidal function to
characterize pulsatile flows in the artery as [25]

U clðtÞ ¼ U 0ð1þ d sinð2pt=T clÞÞ ð12Þ
where Tcl is the period of the pulsatile blood flow and the
parameter d is used to account for the fluctuation of the
pulsatile blood flow during each cardiac cycle. All the other
boundary conditions are kept the same as those shown in
Fig. 2 except that the species concentration boundary con-
dition applied at the media adventitia interface is oC/
on = 0. The initial conditions for both blood flow and spe-
cies concentration are taken directly from the solutions for
steady flows.

2.4. Physiological parameters

The physiological properties for various wall layers used
in our model are calculated based upon appropriate pore
theory [26], fiber matrix models [8–10,26–29] and in vivo
and in vitro experiments.

2.4.1. Endothelium and internal elastic lamina

Traditionally, transport characterization across the
endothelium and IEL is represented by the Staverman–
Kedem–Katchalsky membrane transport equations given
as

V ¼ K 0

l
ðDp � rdDpÞ ð13Þ

N 00
s ¼ D0

eDcþ ð1� rfÞV �c ð14Þ

where V is the velocity vector of bulk flow across the mem-
brane, N 00

s the absolute molar flux of the solute across the
membrane, Dp the pressure differential across the mem-
brane, Dp the corresponding osmotic pressure differential,
Dc the solute concentration differential, K 0 the permeability
per unit length, D0

e the effective diffusivity per unit length, �c
the mean solute concentration over the membrane, and rf
and rd are the Staverman filtration and osmotic reflection
(which account for the selective permeability of biological
membranes to certain solutes) coefficients respectively.
Note that K 0

l and D0
e are the so called hydraulic conductivity

and diffusive permeability of the membrane, traditionally
denoted as Lp and Pd, respectively.

An aspect that requires attention in modeling the endo-
thelium and IEL layers is the absence (to the best of
authors� knowledge) of any experimental data in the litera-
ture for the permeability K and diffusivity De for either the
endothelial or IEL layers. However, if we make the reason-
able approximation that the transport is one-dimensional
within these layers and neglect the boundary effects, we
can convert the hydraulic conductivity and the diffusive
permeability to the permeability K and diffusivity De as
follows:

K ¼ lLpDx ð15Þ
De ¼ D0

eDx ð16Þ

where Dx is the thickness of the biological membrane.
Applying the pore theory with the appropriate size of

the molecules and of the pores, some investigators [2,14]
have derived Lp,endothelium = 3 · 10�9 mm2 s/g, Lp,IEL =
3.05 · 10�7 mm2 s/g, D0

e;endothelium ¼ 3� 10�10 mm=s, and
D0

IEL ¼ 1:59� 10�6 mm=s for LDL. It should be noted that
Prosi et al. [2] have also cited that D0

e;endothelium ¼
3� 10�10 mm=s is too low when compared with the avail-
able clinical data. Studies by Tarbell [17] have suggested
that the value of the endothelial diffusive permeability for
LDL is similar for the aorta of humans, monkeys, rabbits,
and pigeons, falling down in the range of 1.1 · 10�8–
2.6 · 10�7 mm/s. Given the absence of experimental data
for the endothelial permeability in large arteries, we choose
D0

e;endothelium to be of the order of 10�8 mm/s in this study
based on the clinical data of Tarbell [17].

The corresponding permeability K and diffusivity De are
calculated from Eqs. (15) and (16). The values of the filtra-
tion reflection coefficients are taken from Prosi et al. [2].
The osmotic reflection coefficients is treated the same as
the filtration reflection coefficients for simplicity and lack
of reliable specific data.

2.4.2. Intima and media

There is also a lack of any pertinent experimental data
for the permeability K and diffusivity D for the intima.
Huang et al. [9], using a heterogeneous fiber matrix theory,
which consists of proteoglycan and collagen components,
have predicted that the hydraulic permeability K and diffu-
sivity D of the subendothelial intima are two orders of
magnitude larger than the corresponding values measured
in the media.



Table 2
Physiological parameters used in the numerical simulation

Layers Parameters Value Ref. no.

Lumen Density q, g/mm3 1.057 · 10�3

Diffusivity D, mm2/s 2.87 · 10�5 [14]
Dynamic viscosity l, g/(mm s) 3.70 · 10�3 [14]

Endothelium Permeability K, mm2 4.32 · 10�15 [2,14]
Effective diffusivity De, mm2/s 6.00 · 10�11 [2,14,17]
Dynamic viscosity l, g/(mm s) 0.72 · 10�3 [2]
Filtration reflection coefficient rf 0.9979 [2]
Osmotic reflection coefficient rd 0.9979 [2]
Porosity e 0.0005 [32]

Intima Permeability K, mm2 2.00 · 10�10 [9]
Effective diffusivity De, mm2/s 5.40 · 10�6 [9]
Dynamic viscosity l, g/(mm s) 0.72 · 10�3 [2]
Filtration reflection coefficient rf 0.8272 [2]
Porosity e 0.983 [9]

IEL Permeability K, mm2 4.392 · 10�13 [2,14]
Effective diffusivity De, mm2/s 3.18 · 10�9 [2,14]
Dynamic viscosity l, g/(mm s) 0.72 · 10�3 [2]
Filtration reflection coefficient rf 0.9827 [2]
Osmotic reflection coefficient rd 0.9827 [2]
Porosity e 0.002 [33]

Media Permeability K, mm2 2.00 · 10�12 [9,34]
Effective diffusivity De, mm2/s 5.00 · 10�8 [9,35]
Dynamic viscosity l, g/(mm s) 0.72 · 10�3 [2]
Filtration reflection coefficient rf 0.8836 [2]
Reaction rate coefficient k, 1/s 3.197 · 10�4 [2]
Porosity e 0.258 [10,14]
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Curry [26] has demonstrated that the Staverman reflec-
tion coefficients rf and rd for the convective transport in
the fiber matrix can be expressed as

rf ¼ rd ¼ ð1� /fÞ
2 ð17Þ

where /f is the partition coefficient, defined based on the
distribution of spaces available to a certain spherical mol-
ecule in a random fiber matrix [27] made of infinitely long,
stiff rods satisfying the Poisson distribution. This leads to

/f ¼ exp �ð1� eÞ 2
rsol
rf

þ r2sol
r2f

� �� �
ð18Þ

where e is the porosity defined as

e ¼ 1� pr2f l ð19Þ
and rf, rsol are the radii of fiber and solute respectively, and
l is the total length of the combined fibers per unit volume.

Typically LDL radius is about 11 nm [30,31], and the
porosities for the intima and media are 0.983 and 0.258,
respectively [9,10,14]. The fibers in the intima and media
have radii of 2.31 nm [9] and 3.22 nm [10] respectively.
The resulting filtration reflection coefficients for the intima
and media are 0.3 and 1 correspondingly, which indicates
that the LDL transport in the media is dominated by diffu-
sion. This result is perplexing since it has been well
accepted that convective effects dominate the LDL trans-
port in the artery wall [7]. Due to this discrepancy and
the absence of experimental data for the reflection coeffi-
cients of the intima and media, Prosi et al.[2]�s data are
used in the present investigation. The complete specifica-
tion of values of key parameters required for numerical
simulation is provided in Table 2.

3. Computational approach

The finite element method (FEM) is employed for the
numerical simulations. The set of governing equations
(Eqs. (1)–(9)) is first nondimensionalized and discretized
into the algebraic equations using Galerkin-based FEM.
The detailed procedure of this application is well docu-
mented in [36]. Two-dimensional, four-noded square ele-
ments are used in the present simulation. The resulting
algebraic equations are solved using the Newton–Raph-
son solution algorithm. This approach has a rate of con-
vergence superior to those of both successive substitution
and segregated algorithm. The major drawback of using
this method, is that it is prohibitively expensive for
three-dimensional problems. A fine mesh is implemented
near the fluid–porous and porous–porous interfaces to
capture the steep gradients in species concentration due
to the expected large rejection fluxes at the interfaces.
Extensive numerical experimentation is also performed
to attain grid-independent results for all the field vari-
ables. The time-step independence of the numerical
results is verified for pulsatile flows. A relative conver-
gence criterion of 10�6 is applied for all the field
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variables. Aspects related to simulation of biological pro-
cesses and detection of pathogens are utilized in this work
[37–39].

4. Results and discussion

In the present work, the transport of LDL within the
arterial wall, coupled with the mass transport through the
arterial lumen, is investigated for various physiologically
pertinent conditions. Typical values for the physiological
parameters are utilized. The reference bulk inflow velocity
U0 is chosen as 338 mm/s [14], while the reference inflow
concentration for LDL at the inlet C0 is taken as
28.6 · 10�3 nmol/mm3 [40,41]. The transmural pressure
under normal physiological conditions is taken as
70 mmHg, which is slightly less than physiological pressure
[23]. It should be noted that steady state conditions
are assumed to have been reached except in the last
section, where the effects of pulsation will be studied in
some detail.
Table 3
Comparison between the values of the filtration velocity and species concentr

Meyer Prosi (C = 0) Pr
(C

Filtration velocity (mm/s) 1.78 · 10�5 1.76 · 10�5 2.

Species
concentration
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1.026 1.0262 1.

Intima IEL interface N/A 2.716 · 10�2 3.
IEL media interface 1.00 · 10�2 8.58 · 10�3 1.
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4.1. Validation of the physiological parameters

The benchmarking of the physiological parameters used
in this study is performed against the experimental data of
Meyer et al. [23] and numerical results of Prosi et al. [2]
reported in Table 3. The comparison is made for the differ-
ent interfaces encountered along the radial direction. These
are the lumen endothelium interface, intima IEL interface,
IEL media interface, central part of the media (r =
3.214 mm), and media adventitia interface. It should be
noted that our numerical results are displayed at the
midsection longitudinally of the arterial wall.

The filtration velocity computed from our model is
2.31 · 10�5 mm/s, which is almost 30% off from the
results given by Meyer et al. [23] and Prosi et al. [2]. Their
filtration velocities were 1.78 · 10�5 mm/s and 1.76 ·
10�5 mm/s, respectively. This deviation can be acceptable
since the calculated filtration velocity is well within the
range of experimental values measure by Tedgui and Lever
[42] at the same transmural pressure.
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Table 4
Input parameters used for testing effects of hypertension

Case number Transumral
pressure (mmHg)

Endothelial
diffusivity (mm2/s)

Ref. no.

1 70 6.00 · 10�11 [2,14,17]
2 120 6.00 · 10�11 [2,14,17]
3 160 6.00 · 10�11 [2,14,17]
4 160 2.40 · 10�10 [6]
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The numerical species concentrations at each interface
are quite close to experimental data by Meyer et al. [23]
and numerical results by Prosi et al. [2] except in the media
layer. There is a relatively large difference between our
results and the results from Meyer et al. [23] and Prosi
et al. [2] in the media layer. To verify the present numerical
code, a comparison between the numerical result for spe-
cies profiles in the media and an exact solution is done.
This comparison is displayed in Fig. 3. The exact solution
is derived based on an assumption that the LDL transport
in the media is one-dimensional, with constant filtration
velocity. It can be seen from Fig. 3 that the present numer-
ical results are in excellent agreement with the exact solu-
tions. It should be noted that Truskey [43] and Morris
et al. [44] have reported that the chemical reaction coeffi-
cient for LDL is 1.4 · 10�4 1/s. This value is also used in
the numerical simulation. It turns out that the reaction
coefficient by Truskey [43] and Morris et al. [44], like that
given by Prosi et al. [2], is also too high when compared
with the experimental data by Meyer et al. [23]. Due to a
lack of satisfactory experimental or theoretical prediction
for the LDL reaction coefficient in the media, we will keep
relying on the parameter values given in Table 2.

4.2. Species distribution across the arterial wall under

normal physiological condition

Fig. 4 shows the computed species profiles for LDL at
the midsection longitudinally of the arterial wall with a
transmural pressure of 70 mmHg. The influence of three
different types of species boundary condition (c/C0 = 0,
c/C0 = 0.01, and oc

on ¼ 0) at the media adventitia interface
is compared. Note that the nonhomogeneous Dirichlet
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boundary condition (c/C0 = 0.01) [2] is used to account
for the transport of LDL from the adventitia to the media
through the vasa vasorum. It can be clearly seen in Fig. 4
that the effect of different types of the outer boundary con-
dition on the intima and IEL layers is negligible. It has also
been demonstrated that there is no difference in the species
distribution through all the layers, regardless of whether
the homogeneous Dirichlet boundary condition (c/C0 =
0) or Neumann boundary condition ðoc

on ¼ 0Þ is utilized.
This might be due to an extremely low LDL concentration
in the media due to high reaction coefficient, which makes
the species concentration independent of the boundary
conditions [14]. Moreover, Fig. 4 illustrates that there is a
slight increase in LDL concentration along the radial direc-
tion within the intima. This is perhaps due to the presence
of the IEL, which acts as a major barrier to large macro-
molecules [13,23]. The present work confirms that the
intact endothelium offers the major resistance to the LDL
transport through the arterial wall.

4.3. Effects of hypertension

The effects of hypertension on the LDL transport in the
arterial wall are studied based on the present model, in an
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attempt to explain how the hypertension increases the
uptake of LDL by the arterial wall. Four different cases
are studied and the input parameters are displayed in
Table 4. Case 1 represents the normal physiological
condition, with a transmural pressure of 70 mmHg and a
normal endothelial LDL diffusivity of 6.0 · 10�11 mm2/s.
The effects of transmural pressure are tested in cases 2
and 3, simply by increasing pressure to 120 mmHg and
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160 mmHg, respectively. Case 4 accounts for the effects
of both increased endothelial LDL diffusivity and transmu-
ral pressure. The pressure-linked increase of endothelial
LDL diffusivity might be explained by the so called
‘‘stretching effects’’ [23], namely straining of the endothelial
layer associated with changes in pressure. Stangeby and
Ethier [6] have cited that the estimated endothelial LDL
diffusive permeability at 160 mmHg is four times greater
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than the value measured at normal vascular pressure.
Therefore, an increased endothelial LDL diffusivity of
2.4 · 10�10 mm2/s at a transmural pressure of 160 mmHg
is used in the present study. Note that the species concen-
tration boundary condition applied at the media adventitia
interface is oc

on ¼ 0.
The influence of transmural pressure on the filtration

velocity profile at the lumen endothelium interface is illus-
trated in Fig. 5. The average magnitudes of the numerical
filtration velocity are 2.31 · 10�5 mm/s, 3.95 · 10�5 mm/s,
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results are within the range of experimental measurement
by Tedgui and Lever [42] and close to the numerical
results by Stangeby and Ethier [6]. It should be noted that
the filtration velocity drops slightly along the lumen
endothelium interface. This is due to a decrease in the
transmural pressure along the longitudinal direction. It is
also noted that an increase in the endothelial diffusivity
has a weak effect on the filtration velocity. This means
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the influence of osmotic pressure on the endothelium
and IEL can be negligible when compared to hydraulic
pressure.

Fig. 6 illustrates the effects of transmural pressure on the
LDL ‘‘concentration polarization’’, i.e. the accumulation
of LDL at the lumen endothelium interface due to the
higher resistance offered by the endothelium [45–47]. As
it can be seen, transmural pressure has a significant impact
on the species accumulation at the lumen endothelium
interface. As the transmural pressure increases, the species
accumulation is found to increase substantially. This might
be explained by an increase in the convective rejection
fluxes as the transmural pressure increases. As the endothe-
lial diffusivity increases, the LDL concentration at the
interface drops very slightly.

The impact of the ‘‘concentration polarization’’ on the
LDL transport across the endothelium is examined in
Fig. 7. It can be seen that the uptake of LDL into the
intima is slightly dependent of axial location, while this
dependence diminishes significantly in the IEL and media
layers. This interesting result suggests the elevated species
accumulation at the lumen endothelium interface leads to
a higher species concentration in the intima layer. How-
ever, this higher species accumulation produces only minor
effects on the species profiles in the IEL and media layers. It
should be noted that this conclusion is in conflict with the
numerical results of Stangeby and Ethier [6]. This is mainly
because Stangeby and Ethier [6] lump the intima, IEL and
media together and therefore neglect the impact of IEL as a
major resistance for macromolecules.

Fig. 8 illustrates the influence of transmural pressure
and endothelial diffusivity on the species concentration
within the different layers. It is evident that the LDL
uptake within different layers is largely affected by the
transmural pressure and endothelial diffusivity. More spe-
cifically, increasing the transmural pressure to 160 mmHg
while maintaining the normal value of endothelial LDL
diffusivity (case 3) results in an almost 50% increase in
the average species concentration as compared to the nor-
mal condition (case 1). On the other hand, when there is
four-folder increase in the endothelial LDL diffusivity at
160 mmHg (case 4), the mean LDL concentration in the
wall increases by a factor of 2.3 as compared to case 1. This
result is close to the experimental measurements by Deng
et al. [48] and Warty et al. [49]. Our results suggest that a
pressure-induced increase in the endothelial diffusivity,
combined with pressure-driven convection, most probably
is a major determinant of the LDL transport across the
arterial wall, which might explain increased atherosclerosis
susceptibility in the presence of hypertension. In contrast,
concentration polarization only plays a minor role in the
enhanced LDL uptake within the arterial wall at higher
transmural pressure. This contention is consistent with
the conclusions by Meyer et al. [23] and Stangeby and
Ethier [6] except that the present study demonstrates pres-
sure-driven convection also plays an essential role in
hypertension.
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4.4. Effects of boundary conditions

It is important to examine differences in fluid flow and
mass transport characteristics due to different types of
boundary conditions. A comprehensive synthesis of litera-
ture revealed five primary categories for boundary condi-
tions of fluid flow and mass transport within the arterial
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Fig. 10. Comparison of filtration velocity profiles at the central part of the med
Table 5.
wall. These are listed in Table 5. The major differences
between these models are at the arterial wall inlet, arterial
wall outlet, lumen outlet, and media adventitia interface.
The boundary conditions applied at all the other interfaces
are the same as those shown in Fig. 2. Note that the species
concentration boundary condition applied at the media
adventitia interface for all these models is oc

on ¼ 0.
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The influence of different types of boundary conditions
on the filtration velocity profiles across the arterial wall is
presented in Figs. 9 and 10, by illustrating the velocity pro-
files at the lumen endothelium interface and central part of
the media (r = 3.214 mm) respectively. As can be seen the
velocity profiles for models 1 and 5 are almost the same
while models 2–4 produce almost the same results. Com-
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Fig. 12. Comparison of dimensionless LDL concentration profiles at the endo
listed in Table 5.
pared to models 1 and 5, models 2–4 produce a significant
jump in the filtration velocity around the outlet.

Fig. 11 illustrates the effects of different types of
boundary conditions on the LDL ‘‘concentration polari-
zation’’ at the lumen endothelium interface. It is clear that
different types of boundary conditions play a minor role
in the LDL accumulation at the interface. Similar to the
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thelium intima interface based on different types of boundary conditions
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filtration velocity profiles, the species profiles for models
2–4 are almost the same while those for models 1 and 5
are close to each other. It is worth noting with respect
to Fig. 11 for the lumen endothelium interface that a
slight deviation in the LDL concentration exists between
models 1 and 5 and models 2–4, which is caused by the
big jump in the filtration velocity around the outlet for
models 2–4.
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Fig. 14. Effects of pulsatile flows on the filtration
The impact of different types of boundary conditions on
the LDL distribution within the arterial wall is presented in
Figs. 12 and 13, by demonstrating the species profiles at the
endothelium intima and IEL media interfaces respectively.
It is evident that the LDL concentration profiles within the
arterial wall are substantially dependent of different types
of boundary conditions. More specifically, the species pro-
files for models 1 and 5 almost collapse each other. The
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same can be found for models 2 and 3. It can be clearly
seen that models 2, 3 and 5 produce a jump in the species
concentration at the wall inlet while models 2–4 yield a
jump in the species concentration at the wall outlet. Gener-
ally, model 1 forms the lower bound while model 4 forms
the upper bound.

In general, the results in the present work indicate that
different types of boundary conditions have a significant
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within the arterial wall. The traction-free boundary condi-
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around the outlet. The boundary conditions employed at
the wall inlet and outlet has a far more pronounced effect
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velocity profile. Moreover, the LDL ‘‘concentration polar-
ization’’ at the lumen endothelium interface is found to be
2 0.25 0.3 0.35 0.4

s)

δ=0.3
δ=0.5
δ=1

tion velocity at the intima IEL interface.

.2 0.25 0.3 0.35 0.4

(s)

δ=0.3

mulation at the lumen endothelium interface.



0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
0.037

0.0371

0.0372

0.0373

0.0374

0.0375

0.0376

0.0377

0.0378

0.0379

t (s)

C

δ=0.3

δ=0.5,1

Fig. 17. Effects of pulsatile flows on the LDL concentration at the intima IEL interface.

N. Yang, K. Vafai / International Journal of Heat and Mass Transfer 49 (2006) 850–867 865
almost independent of different types of boundary
conditions.

4.5. Effects of pulsatile flows

It is now well accepted that sites where atherosclerosis
develops is usually at places where the vessels have sudden
changes in geometry. One of the major characteristics at
these sites is that wall shear stresses are low or change rap-
idly in time or space [50–54]. As such the effects of pulsatile
flows on the mass transport in these regions should not be
ignored. Hence it is essential to study the effects of pulsatile
flows on the LDL transport within the arterial wall. Here
we take the period of the pulsatile flow as Tcl = 0.2 s [25].
The parameter d is set to be 0.3, 0.5, or 1. It should be
noted that the numerical results are all taken at the midsec-
tion (longitudinally) of the arterial wall.

Figs. 14 and 15 illustrate the effects of pulsatile flows on
the filtration velocity at the lumen endothelium interface
and intima IEL interface respectively. As expected as the
parameter d increases, the magnitude of fluctuation of the
filtration velocity increases. It is noticed that the magnitude
of fluctuation of the filtration velocity is relatively small
when compared to the time-averaged filtration velocity
for each cycle. This suggests that the effects of pulsatile
flows on the filtration velocity across the arterial tissue
are damped out.

Figs. 16 and 17 demonstrate the effects of pulsatile flows
on the LDL concentration at the lumen endothelium inter-
face and intima IEL interface respectively. It is clear that
the impact of pulsation on the LDL transport across the
arterial tissue is negligible for a simple straight axi-symmet-
ric geometry. This is due to the large resistance offered by
the arterial tissue.
5. Conclusions

The transport of LDL in the arterial wall, coupled with
the transport in the lumen has been investigated based on
a newly developed four-layer model. The endothelium,
intima, IEL and media are all treated as macroscopically
homogeneous porous media and modeled using the vol-
ume-averaged porous media equations. The numerical
results are found to be in good agreement with those from
the previous experimental and numerical studies under var-
ious clinical conditions.

The effects of hypertension and boundary conditions are
examined in some detail based on the comprehensive model
presented in this work. The results of the present inves-
tigation demonstrate that a pressure-induced increase of
endothelial diffusive permeability, plus pressure-driven
convective flow, is mainly responsible for the enhanced
LDL uptake at higher transmural pressure, which might
explain increased atherosclerosis susceptibility in the pres-
ence of hypertension. It is found that the filtration velocity
and LDL concentration profiles in the arterial wall are sig-
nificantly dependent of different types of boundary condi-
tions. The traction-free boundary condition leads to a
significant jump in the filtration velocity profile near the
outlet. The species concentration profile within the arterial
wall is found to be quite sensitive to the boundary condi-
tions employed at the inlet and outlet.

Moreover, effects of pulsation are discussed in the pres-
ent study. The pulsatile flows play a minor role in the LDL
transport within the arterial wall when a straight axi-sym-
metric geometry is considered.

Generally, the presented four-layer model is shown to be
a more robust tool to model the macromolecular transport
in the arterial wall coupled with the transport in the lumen
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when compared to the previous transport models. How-
ever, a number of additional efforts are required to deter-
mine the physiological parameters for each arterial wall
layer more accurately. Furthermore, an important aspect
which needs further investigation is with respect to pulsa-
tion and transient effects on LDL transport at places where
the artery is curved, bifurcated, or has sudden change in
flow geometry.
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